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The suitability of hybrid meshes
for low-Mach large-eddy simulation
By S. P. Domino†, L. Jofre AND G. Iaccarino
A computational simulation study for a turbulent plane channel, Reτ = 180, is pre-
sented to evaluate the suitability of hybrid meshes for low-Mach large-eddy simulation. A
structured/orthogonal homogeneous mesh composed of hexahedral elements is compared
with a heterogeneous, unstructured hybrid mesh that includes hexahedral, tetrahedral,
pyramid, and wedge element topologies. The low-Mach, low-dissipation methodology
compares edge- and element-based vertex-centered finite-volume discretization methods.
Simulations with and without a subgrid-scale large-eddy simulation model are conducted
in the context of a solution verification methodology. Results indicate that on ideal hex-
ahedral meshes, the element-based scheme predicts (on average) better mean streamwise
velocity and root mean square (rms) velocity profiles, but at an increased computational
cost of approximately twofold. For the generalized unstructured hybrid mesh, low-order
statistics are predicted to be symmetric for both schemes; however, asymmetry for higher-
order statistics is observed. In general, the asymmetric nature of the edge-based scheme
is more pronounced than for the element-based scheme, while overall predictions appear
to have lower dissipation when using the element-based approach, which is accompanied
by a similar (i.e., approximately twofold) increase in computational cost.
1. Introduction
Facilitated by the development of massively parallel computing architectures, low-
Mach large-eddy simulation (LES) studies continue to be deployed as a production tool
to support a variety of complex applications ranging from multi-physics fire applications
(Hanlin et al. 2009) to wind energy (Domino 2018). However, many industrial applications
of interest require the resolution of complex geometrical features that, in practice, drives
usage of so-called hybrid meshes. A hybrid mesh is simply defined as a heterogeneous
mesh composed of combinations of hexahedral, tetrahedral, pyramid, and wedge elements.
Several unstructured methodologies have been deployed in the open literature and are
routinely used for geometrically complex use cases that employ finite-element (Jansen
1996), vertex-centered finite-volume (Domino 2018), or cell-centered approaches (Mahesh
et al. 2004).
Given the extensive use of generalized unstructured methods, the open literature in-
cludes a limited number of low-Mach detailed validation comparisons between ideal
hexahedral-based topologies and hybrid mesh strategies (see de Wiart et al. 2014 for
an example). In 2006, a comparison between a cell-centered and a vertex-centered finite-
volume method was conducted for an Reτ = 180 turbulent plane channel (Ham et al.
(2006)). Results from this foundational study indicated that on hybrid meshes, the imple-
mented cell-centered approach did not retain symmetry for the mean streamwise velocity
profile. By comparison, the vertex-based scheme demonstrated an improved symmetric
mean velocity profile.
† Computational Thermal and Fluid Mechanics, Sandia National Laboratories
97
Domino, Jofre & Iaccarino
In this paper, we provide a simulation study for an Reτ = 180 turbulence channel
flow that includes both ideal homogeneous hexahedral-based meshes and the replicated
hybrid mesh outlined by Ham et al. (2006). Simulations are run using low-order edge- and
element-based vertex-centered finite-volume schemes. For the edge-based scheme, care is
taken to ensure that the diffusion operator treats non-orthogonality between the edge
distance vector and the assembled area vector in a robust manner (see, e.g., Jasak 1996).
Although the element-based approach lends itself to higher-order hexahedral approaches,
the study described in this paper is limited to low-order element types, i.e., second-order
spatial and temporal accuracy.
In Section 2, the governing equations in addition to a high-level discretization overview
are provided. Primary simulation study results for the plane channel simulation are given
in Section 3. Finally, conclusions are provided in Section 4.
2. Low-Mach equation set
For completeness, we present the generalized low-Mach equation set, noting that for
the particular plane channel test case, the density and viscosity are constant. The integral






ρ̄ũjdS = 0. (2.1)
In the above equation, ρ̄ is the fluid density and ũj is the density-weighted, i.e., Favre-
averaged, fluid velocity.











where the subgrid-scale (SGS) turbulent stress τsgsij is defined as
τsgsij ≡ ρ̄(ũiuj − ũiũj). (2.3)
The Cauchy stress is provided by
σij = 2µS̃
∗
ij − P̄ δij , (2.4)
where the traceless rate-of-strain tensor is defined as
S̃∗ij = S̃ij −
1
3






In a low-Mach flow, the above pressure, P̄ , is the perturbation about the thermody-
namic pressure, P th. For LES, τsgsij which appears in Eq. (2.2) and is defined in Eq. (2.3)
represents the SGS stress tensor that must be closed. The deviatoric part of the subgrid
stress tensor is defined as τ∗sgsij = τ
sgs
ij − 1/3δijτsgskk , where the SGS turbulent kinetic
energy is given by τsgskk = 2ρ̄k. Here, k represents the modeled turbulent kinetic energy,
formally defined as ρ̄k = 1/2ρ̄(ũkuk − ũkũk). Above, |S̃| =
√
2S̃ijS̃ij . The turbulence
case presented in this paper uses the wall-adapting local eddy viscosity (WALE) model
(Nicoud & Ducros 1999) for the isotropic eddy-viscosity closure model.
2.1. Numerical implementation
The low-Mach method used in this paper can be classified as an equal-order, pressure-
stabilized, approximate-pressure projection-based scheme (Domino 2006). Pressure sta-
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bilization, due to the equal-order interpolation methodology, is achieved by adding a
scaled fine-scale momentum residual to the continuity equation that has been adapted
for a vertex-centered finite-volume method. The control-volume finite-element method
(CVFEM) is used to define a dual mesh for all of the supported element topologies
that include low-order hexahedral, tetrahedral, pyramid, and wedge elements. When the
edge-based scheme is used, sub-control surface area vectors and sub-control volumes are
assembled to the edges and nodes, respectively. Time advancement is achieved using a
three-state, second-order BDF2 time integrator. Due to space limitations, we refer the
reader seeking a complete overview of the underlying numerical implementation, includ-
ing detailed code verification, to previous papers (Domino 2014a; Domino 2018) and the
Nalu theory manual, (Domino 2014b).
3. LES channel Reτ = 180
In this section, simulation results are provided with and without the SGS model for the
Hex8 and hybrid mesh topologies for the Reτ plane channel flow results versus established
direct numerical simulation (DNS) results (Moser et al. 1999). As is customary, Reτ =
uτδ/ν, where uτ is the friction velocity, δ is the channel half-height, and ν is the kinematic
viscosity of the fluid; ν = µ/ρ, with µ the dynamic viscosity and ρ the density.
The mass flow rate is imposed through a mean streamwise pressure gradient, 〈dp/dx〉 =
−τw/δ, where p is the pressure and τw = ρν (d〈u〉/dy)y=0 = ρu2τ is the wall shear stress,
with 〈u〉 the mean streamwise velocity. The computational domain is 4πδ×2δ×4/3πδ in
the streamwise (x), vertical (y), and spanwise (z) directions, respectively. The streamwise
and spanwise boundaries are set periodic, and no-slip conditions are imposed on the
horizontal boundaries (x–z planes). The grid is uniform in the streamwise and spanwise
directions with spacing (in wall units) equal to ∆x+ = 24 and ∆z+ = 18, and stretched
toward the walls in the vertical direction with the first grid point at y+ = yuτ/ν = 0.17.
This grid arrangement corresponds to a mesh of size 96 × 96 × 64 grid points. For the
hybrid mesh, which includes Hex8, Tet4, Pyramid5, and Wedge6, near-wall mesh spacing
replicates that of the structured Hex8 mesh. However, the domain in the wall-normal
direction is cut in half. The bottom section retains the Hex8-based mesh, while the top
section uses a Wedge6 near-wall mesh that transitions to a Tet4 block. The conformal
interface between the Tet4 and Hex8 blocks is retained through the use of the Pyramid5
transition element. Figure 1 provides a plot of the normalized LES filter length, ∆+,
as a function of normalized distance, y+, from the lower wall (for the hybrid mesh)
and also includes a view of the active mesh lines for both the structured Hex8 and the
hybrid meshes. In this figure, normalization is based on the channel half-width. For the
hybrid mesh section, the dual LES filter within the Tet4 mesh region is approximately
1.5 times larger than the baseline Hex8 and Wedge6 homogeneous blocks. Note that the
transitioned filter for the hybrid mesh is abrupt and highly non-symmetric.
The simulation strategy starts from a sinusoidal velocity field which is advanced in time
to reach turbulent steady-state conditions after several flow-through times (FFTs); on
the basis of the bulk velocity, ub = 1/δ
∫ δ
0
〈u〉dy, and the length of the channel, L = 4πδ,
an FTT is defined as tb = L/ub. Once a sufficiently long transient period has surpassed
— approximately 10 eddy-turnover times, tl ∼ δ/uτ —, first- and second-order statistics
are collected. Advection stabilization is not used in these simulations.
The accuracy of the methods is analyzed by calculating time- and space-averaged (x
and z directions) first- and second-order flow statistics. The quantities of interest (QoIs)
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Figure 1. Base refinement mesh for the structured Hex8 and hybrid meshes. LES filter size
(a), and structured Hex8 (b) and unstructured hybrid (c) meshes.
considered are the numerical friction, Reτ , and bulk, Reb = 2ubδ/ν, Reynolds numbers;
the skin-friction coefficient, Cf = τw/(1/2ρu
2
b); the mean streamwise velocity profile,
u+ = 〈u〉/uτ ; and the root mean square (rms) velocity fluctuations, u+rms, v+rms, and
w+rms. Reference solutions for all these QoIs are available in the literature. For instance,
Reb can be analytically approximated from Reτ ≈ 0.09Re0.88b (Pope 2000). Once Reb is
known, Cf is directly obtained by calculating ub from the bulk Reynolds number defini-
tion and noticing that τw and ρ depend on 〈dp/dx〉 and Reτ . For the structured Hex8,
postprocessing is achieved through the direct query of degree-of-freedom nodal locations
while for the hybrid mesh, interpolation of the mean flow field to a series of planes par-
allel to the no-slip wall boundaries is used. The planar interpolation methodology used
a Python script that interfaced with the Paraview visualization product (Ayachit 2015).
3.1. Results
Figure 2 outlines the full set of integrated QoIs for the Hex8 channel (both with and
without SGS model contributions). The results are as expected in that mean profiles
for more dissipative schemes are over-predicted; streamwise rms is also uniformly over-
predicted for the base mesh, while spanwise and vertical rms are slightly under-predicted,
(see Gullbrand & Chow 2003 for a description of how accuracy influences predicted pro-
files). Both schemes, however, demonstrate a level of mesh convergence for the uniformly
refined mesh (R1). The effect of the SGS model is small for this lower-Reynolds-number
channel flow, but not negligible. In general, the element-based scheme is approximately
twice as slow as the edge-based scheme at the same mesh resolution. This timing dispar-
ity is largely attributed to the larger element-node-element implicit stencil connectivity,
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Figure 2. Structured Hex8 channel profile results (with and without the SGS model contribu-
tions) on both the R0 and R1 meshes: (a) without SGS, streamwise velocity; (b) WALE SGS,
streamwise velocity; (c) without SGS, rms velocity fluctuations; (d) WALE SGS, rms velocity
fluctuations.
which increases both matrix assembly and linear solve time, and the increased cost as-
sociated with the element-based diffusion operator.
Figure 3 outlines the integrated streamwise velocity profiles for the hybrid channel sim-
ulation. For this mesh configuration, profiles and integrated quantities are provided from
the top (Tri3/Wedge6) and bottom (Quad4/Hex8) perspectives. The plots indicate that
both the element- and edge-based approaches retain symmetry for this low-order statistic
very well. The edge-based scheme, again, over-predicts the mean profile in a manner con-
sistent with Hex8 results. Again, the effect of the inclusion of the LES modeling approach
is small.
Figures 4 and 5 show rms velocity profiles for the simulations with and without the
SGS model contributions. In both figures, non-symmetric rms velocity profiles are noted;
however, they improve with mesh refinement. The transition between the Wedge6 and
Tet4 element blocks is evident in the profiles (see y+ = 90). This region corresponds
to the location in which the highest dual-volume ratios between successive mesh-node
locations are found. This transition artifact is noted for both the WALE and non-SGS
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Figure 3. Hybrid streamwise velocity profile channel results (with and without SGS model
contributions) for the edge- and element-based schemes on both the R0 and R1 meshes: (a)
without SGS, edge-based; (b) WALE SGS, edge-based; (c) without SGS, element-based; (d)
WALE SGS, element-based.
approaches for both numerical schemes. Therefore, core numerical dual-volume transition
nuances are higher than, e.g., commutation errors. Given the use of the fully unstructured
tetrahedral-based topology and near-wall Wedge6, the results are extremely encouraging.
For integrated quantities that include mean bulk velocity and skin friction, the reader is
referred to Tables 1 and 2. Results indicate good symmetry for the element-based scheme
versus the edge-based scheme. In fact, integrated quantities are very similar between the
two mesh types.
Finally, Figure 6 illustrates an instantaneous wall shear stress at the top and bottom
walls for the edge- and element-based schemes (shown for the base R0 resolution). The
plot demonstrates an increased oscillation effect near the Tri3 surface, especially for the
edge-based scheme. The increased spurious oscillations in the velocity field have the effect
of artificially increasing the near-wall streamwise rms.
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Figure 4. Hybrid rms profile channel results (without SGS model contributions) for the edge-
and element-based scheme on both the R0 and R1 meshes: (a) edge-based, top; (b) edge-based,
bottom; (c) element-based, top; (d) element-based, bottom.
Hex8 Hybrid
Simulation Non-SGS WALE Non-SGS (T/B) WALE (T/B)
Edge; R0 18.156 18.574 16.845/16.966 17.302/17.454
Element; R0 15.669 16.413 15.355/15.375 15.848/15.931
Edge; R1 16.403 16.523 15.586/15.814 15.574/15.815
Element; R1 15.380 15.430 15.029/15.113 15.194/15.331
Table 1. Bulk velocity prediction for the Hex8 and hybrid edge- and element-based schemes;
theoretical value is 15.633.
Hex8 Hybrid
Simulation Non-SGS WALE Non-SGS (T/B) WALE (T/B)
Edge; R0 0.00607 0.00579 0.00710/0.00708 0.00677/0.00662
Element; R0 0.00813 0.00740 0.00824/0.00896 0.00779/0.00823
Edge; R1 0.00743 0.00733 0.00867/0.00784 0.00870/0.00783
Element; R1 0.00850 0.00820 0.00894/0.00897 0.00876/0.00866
Table 2. Skin-friction prediction for the Hex8 and hybrid edge- and element-based schemes;
theoretical value is 0.00815.
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Figure 5. Hybrid rms profile channel results (with SGS model contributions) for the edge- and
element-based schemes on both the R0 and R1 meshes: (a) edge-based, top; (b) edge-based,
bottom; (c) element-based, top; (d) element-based, bottom.
4. Conclusions
In this paper, a low-Mach, low-dissipation generalized unstructured set of schemes is
applied to an LES plane channel validation study. Results indicate that mean quanti-
ties are predicted reasonably well on the hybrid mesh with very acceptable symmetry
observed from either the generalized unstructured or structured hexahedral mesh per-
spective. Although the base mesh demonstrates stronger asymmetric behavior for higher-
order statistics, with mesh refinement, symmetry increases. All methods predict mean
quantities well, especially with mesh refinement. Finally, the simulation study presented
provides evidence that the use of both the element- and edge-based schemes is warranted
for both ideal structured Hex8 meshes in addition to hybrid meshes that include hexahe-
dral, tetrahedral, wedge, and pyramid element topologies – especially when dual-volume
ratios are below a factor of two near the topological transitions.
104
Hybrid meshes for low-Mach large-eddy simulation
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Figure 6. Wall shear stress profiles for the top (Tri3) and bottom (Quad4) wall boundaries
using the WALE LES model (R0 base mesh refinement): (a) edge-based, top; (b) edge-based,
bottom; (c) element-based, top; (d) element-based, bottom.
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